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Introduction 
 
 
The discovery of the properties of semiconductors has changed our world. The use of these materials 
has not only represented the application of the knowledge built in many years of work, but it has also 
suggested new questions and has led to new frontiers of physics and technology. Ultra-fast response 
materials for particle detections, tunable lasers, microelectronics, quantum tunneling, self-assembling 
mesoscopics and nanoscopics, they are all consequences and sources of the fantasy of the scientific 
community.  
The present work can be classified as an investigation for the experimental characterization of 
semiconductors in the microwave (MW) frequency domain. This range owns two properties that let it 
to be a hot subject for the next years: from one side, there is a basic need of such a characterization to 
 get a satisfactory description of the fundamental solid state physics; from the other side there is the 
urgent need to analyze and increase performances of technological products in order to improve the 
quality of services in human life and business. IBM announced in March 2002 the realization of the 
fastest silicon-based transistor, by using a modified design of a heterojunction bipolar transistor 
(HBT) and SiGe technology, working at a speed of 210 GHz. New methods to allow contactless 
measurements techniques of the transport properties of semiconductors are needed for a MW 
characterization to cover the whole range. A contactless technique, where the carrier transport is a 
response and a source of a MW electromagnetic field, let in principle avoid the MW mobility effects 
to be hidden by parasitics that destroy a signal above a certain frequency of the carrier alternate 
current. 
The topic treated by this work is the use of the whispering gallery resonators to characterize the 
transport properties of the semiconductors. In effect the results discussed are more general with 
respect of the specific application to semiconductor materials. They can be considered as a necessary 
part to a full analytical and numerical description of a generic lossy and/or gyrotropic dielectric 
resonator. The losses are included because of the finite conductivity of semiconductors, while the 
gyrotropy is included to take into account the eventual magnetic biasing field that changes the 
characteristics of the dielectric tensor extending the possibilities of an experimental characterization.  
This method is believed being applicable in a range spread up to a terahertz, by using some 
opportune resonator. The transport characteristics are extracted from the complex resonant frequency 
and its changes when the resonator is excited on a whispering gallery resonant mode. 
This work focuses on the analytical treatment of the most general gyroelectromagnetic axial 
waveguide and resonator. The two main theoretical results are the following: first, the analysis of the 
Maxwell equations leading to the coefficients of the differential equation governing the 
electromagnetic field along the direction of the axis of an infinite waveguide - and the consequent 
full description of the electromagnetic field; second, the matricial condition that imposes the 
variational condition to minimize the difference between two set of modes at a transverse interface 
separating two different media. These results are verified numerically by some evaluation, allowed 
by the implementation of the equations obtained by an axial mode matching method. 
The two sections are devoted to present the analytical and the numerical results concerning the 
whispering gallery method: the former shows the equations of gyroelectromagnetic resonators, the 
latter present and discusses the results by numerical evaluations with the implementation of an 
improved axial mode matching method. 
 
This work covers a part of the Ph.D. thesis realized under the supervision of Prof. Massimo 
Martinelli  (IPCF – CNR, Pisa, Italy) and discussed at the Physics Department of the University of 
Pisa in October 2002. A very special thank to him and to Dr. Giuseppe Annino (IPCF – CNR) for the 
discussions and the suggestions about this subject. 
 
 
  
1 The Whispering Gallery Resonator 
Method: Fields in a Gyroelectromagnetic 
Resonator 
 
 
This Section discusses an innovative technique based on the fact that the transport properties 
contribute to the electrical permittivity of materials. It may be used to measure the MW mobility and 
more generally the dielectric gyroelectric tensor, maintaining the same advantages given by the lack 
of contacts of the bimodal cavity method, but in a wider range of frequencies spread in the millimeter 
and sub-millimeter domain. This should allow in principle an experimental study up to at least 1 THz 
frequency. This technique makes use of the resonant properties of cylindrical dielectric resonator 
systems. In certain conditions the particular electromagnetic resonances behave in analogy with the 
acoustic ones and the normal modes are consequently named whispering gallery modes. Many 
applications of whispering gallery modes to obtain high Q-factor resonators in devices such filters 
and multiplexer in integrated circuits and others elements [JIA85, JIA87, JIA89], and in EPR 
spectroscopy [LON91, ANN96] have been realized.  
This Section shows the theoretical analysis that allows a description of a generic resonating system of 
a complex gyroelectromagnetic material. The variational method based on a complex axial mode 
matching to implement the result is proposed. The first paragraph describes the connection between 
transport properties of gyroelectric material and dielectric resonators. The second paragraph leads to 
the solution of Maxwell equations in a gyroelectromagnetic waveguide, providing also the 
characteristic equation that selects the axial propagation modes of the guide. The third paragraph 
gives the condition to be fulfilled by complex electromagnetic valued fields by the minimization of 
least squares functionals along the transverse surfaces of the guide, in order to select resonant 
frequencies as zeros in the complex domain. 
These results constitute the theoretical equipment necessary to simulate and predict the behavior of 
complex gyroelectromagnetic materials. As a consequence it is possible to analyze experimental 
measurements of dielectric resonators and study transport properties of semiconductors and other 
materials. 
 
1.1 Whispering gallery resonators and connection with 
gyroelectric materials 
This paragraph is devoted to a brief overview of whispering resonators and to the description of the 
expression between their complex resonating frequency and the dielectric constant. The 
gyroelectricity represent a general characteristic that extends the transport characterization of 
semiconductors to the off-diagonal elements of the dielectric tensor. 
1.1.1 Generalities about whispering gallery modes resonators 
The experimental observation of whispering gallery modes in cylindrical resonators at hundreds of 
gigahertz has been reported in many works since the end of ’90. This is allowed by the excitation of 
resonant modes in the resonators by the losses of a opportune waveguide coupled with the resonator. 
This has been done both for cylindrical high permittivity resonators using for instance a fused quartz 
waveguide [ANN97b] and for spherical silicon resonators using a fiber [CAI00]. The last states that 
the condition of critical coupling is a fundamental property of waveguides coupled to resonators. It 
refers to the condition verified when internal resonator loss and the waveguide coupling loss are 
equal for a matched resonator-waveguide system, where the resulting transmission at the output of 
the waveguide goes to zero at the  resonance [CAI00]. The input and the output of the waveguide 
 may be managed by a network analyzer. According to what a vector network analyzer allows, the 
resonance may be fully characterized extracting from it, in certain conditions, both the real and the 
imaginary part of the permittivity. 
The whispering gallery dielectric resonators are characterized by resonances in general described by 
a traveling wave instead of a stationary one, as usual in conventional resonators and the confinement 
of the radiation is due to the total internal reflection both along the rim of the resonator and at the 
plane surfaces. The confinement is characterized by the caustic that has a radius for each azimuthal 
index : λ
 
 
22 γεµω +=
λ
cr  (1.1.1) 
 
where ω is the e.m. wave angular frequency, ε and µ are the electric permittivity and the magnetic 
permeability of the resonator and γ is the axial propagation constant (the fields behave with respect of 
z variable according to eγz). Inside of the caustic the field is exponentially decreasing along the radius 
of the resonator, and outside it is oscillating [WEI69]. The modes propagate spirally in a space 
comprised between the external rim and the caustic [RAY10]. They are indicated by three numbers, 
that differ depending on the convention adopted, in the form . In the most used, the index 
indicates the azimuthal number; m and n the number of nodes of the energy density along the radial 
and the axial coordinates. 
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1.1.2 Transport and resonators* 
The whispering gallery modes are quasi-TE and quasi-TM resonant modes, characterized by 
radiation circulation near the cylindrical surface confined by the total reflection mechanism. These 
modes are called WGE and WGH respectively: in a cylindrical resonator, the WGE modes have E 
field mainly in the transversal plane, while WGH along the axis of the resonator [ANN96]. Modes 
are excited by a dielectric waveguide passing near the cylindrical dielectric resonator. The 
Lorentzian-shape resonance characteristics can be measured by a vector network analyzer and 
information about the real and the imaginary part of the complex resonant frequency of the device are 
obtained [ANN97].  
By measuring the changes of these parameters due to the sample it is possible to measure the 
complex permittivity and then extract information on the conductivity, which is directly related to the 
mobility. The real and imaginary part of the dielectric constant and of the resonant frequency are 
related, at first order, to the merit factor of the resonator by the Ehrenfest-Boltzmann equation 
(remembering that for low losses the filling factor η is constant): 
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In particular the variation of the imaginary parts depends on: 
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where η is the filling factor, so: 
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ω
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Notice that the theory suggests also that for the real part there is a second order change while for the 
imaginary part a first order one [KLE93]. 
It holds that for a single material resonator it can be considered: 
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giving the relationship between the mobility and the imaginary part of the resonant frequency: 
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where the latter is valid in this regime in force of the low value of the imaginary part of frequency 
(Appendix B). Furthermore the transport properties of semiconductors are modified in presence of a 
magnetic field allowing a more differentiated characterization [BUR96]. 
In presence of comparable effects of the dielectric and conductor losses of the resonator they have to 
be separated by the relation [WAN00]: 
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In order to follow this approach, in this work a very general solution for modes in cylindrical 
waveguides. A complex variational study have been developed in order to describe the response of 
materials when the electric and the magnetic inductions are governed by the corresponding fields 
through complex gyrotropic non diagonal tensors. From a mathematical point of view the effect of 
losses due to a finite non-vanishing conductivity is represented by the complex diagonal elements, 
and the biasing magnetic field effects by the off diagonal complex elements in the radial 
representation. In particular a semiconductor falls into the class of gyroelectric materials. 
Gyroelectric resonators, disks and rings have been studied in the characterization for both GaAs 
[SLO96] and InSb semiconductors at 77 K [BUR96]. The tensor permittivity is derived from the 
Drude model of cyclotron motion in a plasma [SHE98]. 
Several geometric configurations may by considered for an experimental procedure to measure the 
gyroelectric permittivity tensor that will be defined in Par. 1.2. The following configuration may give 
a complete characterization for both the following phenomena occurring in the rank 3 permittivity 
matrix: 
 
• Measurement of the imaginary part of the diagonal tensor elements (11, 22, 33) 
• Measurement of the gyrotropic off-diagonal elements (12, 21) 
 
In general a large amount of carriers destroys the resonant properties of a resonator. The simplest 
configuration is constituted of a single rod resonator where the fields are excited by the coupling with 
 a waveguide (fiber, fused quartz). This configuration allows the measurement of an intrinsic substrate 
or of a low doped semiconductor, otherwise the losses due to the high conductivity prevent the 
resonance from appearing. This method may be used to measure for example low doped materials.  
 
Material ε1 h(µ m) 2R (µ m) 
Si 11 180-200 800-1000 
GaAs 13 160-180 700-900 
Table 1.1. I. Two possible bulk semiconductor resonators operating at 500GHz [ANN02b]. 
 
To measure more heavily doped semiconductors, the characterization can be obtained by tracking the 
changes of complex resonant frequency, by perturbing the previous resonator by a doped layer (Fig. 
1.1.a).  
 
 
Figure 1.1.a. A possible cylindrical resonant semiconducting structure: the characterization is 
done by comparing the complex resonant frequency of an intrinsic semiconductor rod (i) and a 
corresponding rod where a thin layer is substituted by a doped material (ii) grown along the z-
axis. Another possibility is to make the resonator by the sample itself, for example for low doped 
semiconductors. 
 
The electric gyrotropic elements of the dielectric tensor can be evaluated by a biasing magnetic field 
oriented along the symmetry axis of the resonator. 
 
1.2 Theoretical analysis of complex tensorial gyroelectromagnetic 
waveguides* 
The study of the fields in the complex dielectric loaded waveguides has been done by [ZAK85]. In 
the past, a partial theoretical analysis was developed to treat gyrotropic materials, from both an 
electric and a magnetic point of view. Magnetic gyrotropy has been studied by Kales [KAL53], more 
recently the Maxwell equations have been solved for transversally magnetized gyrotropic materials 
[BUR96]. The latter approach is applied to a rectangular metal waveguide having a gyrotropic 
dissipative layer of n-InSb along the narrow wall. It has been found the resonant waveguide losses 
dependence on the magnitude of the biasing magnetic field [BUR96]. A characterization of modes 
has been studied in gyroelectric chirofibers having isotropic and uniform cladding [SIN00]. Another 
theory of gyroelectric waveguides is implemented by using dyadic Green’s functions by cylindrical 
vector wave function expansion of fields [LIU00]. 
A complete analytic description of both a tensorial permittivity and permeability is not reported so 
far and it may be considered an interesting matter by itself, trying to get a more symmetric result in 
the equations with respect to the previous partial case. 
 
The magnetic gyrotropy property appears in ferrites, which contain an unpaired spin of one atom 
influenced very slightly by neighboring atoms [COL91]. The magnetic gyrotropy can be considered 
the effect of the precessing motion of the electrons when an RF magnetic field is applied 
perpendicularly to a d.c. magnetic field. If H0 is the d.c. magnetic field along the z-axis, and 
, this effect is quantified, in cylindrical coordinates, by the equation: 10 ˆ HzH  += H
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 The electric gyrotropy of semiconductors appears in waveguiding structures containing magnetized 
semiconductor materials. The main property is that they may be employed to modify the polarization 
of electromagnetic waves; these guides are made anisotropic by an external magnetostatic field 
(Faraday effect) or electrostatic field (Pockels effect and Kerr effect) [COT91, YAR84]: 
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An application can be found also in gyroelectric core and cladding to have single mode fibers 
suppressing one of two orthogonal modes by the anisotropy [COT91]. A detailed description of the 
electric permittivity tensor leads to a description of its elements by other quantities related to the 
system. According to the Drude model of magnetized plasma, the motion of carriers interacting with 
an alternating electric field at micro/millimeter wave frequencies in an axially magnetized 
semiconductor, the permittivity tensor may be written [SHE00]: 
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where N is the number of electrons per unit volume, νc the collision frequency, f the signal frequency, 
εr the relative permittivity and H0 the applied biasing field. 
The result of the approach here reported is principally the determination of the system of the coupled 
Maxwell equations specifying the correct mixing coefficient between the z-axis components of the 
electric and magnetic field. Furthermore it is proposed an opportune choice of coefficients of the 
solutions that allow them to be continuous in the limit of low gyrotropy, when the off-diagonal 
elements of the permittivity and permeability tensors go to zero. This choice eliminates the 
divergences that are present in usual definitions. Finally all the component of fields are derived. 
 
1.2.1 Derivation of coefficients of mixed axial fields equations 
Let’s consider a cylindrical waveguide with its axis in the direction of the z axis (n direction) filled 
by a material having general gyrotropic characteristics i.e. both electrical permittivity and magnetic 
permeability in the direction of the z-axis. This is generally written in this form [KAL53,WAL69]:
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By considering their elements valued in the complex domain, the bound charges and currents are 
automatically taken into account. The fields are written as a transverse and a longitudinal part in 
function of  (r ,θ ) coordinates; a periodic dependence versus the time and in general an exponential 
behavior along the z coordinate are assumed: 
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The Maxwell equations for curls are: 
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Because of the more general form for D field, Eqs. (1.2.2) and (1.2.3) give: 
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and, in partial analogy with the derivation of Kales [KAL53]: 
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The divergences are: 
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and become: 
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so that: 
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respectively. This is in practice the source of the coupling between Ez and Hz. The coupling 
disappears whenever ε2 = µ 2 = 0. 
In order to eliminate Et and Ht, the following system has to be written explicitly: 
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These equations give: 
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Multiplying both the equations by  k  and by ×nih , two linear combinations of them are obtained, 
giving: 
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Observing that: 
 [ ] 0.... =∇×∇ tt n  (1.2.13) 
the equations (1.2.12) become: 
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which is a system of two coupled differential equation for fields along the z-axis. The coefficient may 
be simplified, and the two equations assume the following form: 
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The coefficients a, b, c and d give back the coefficients derived by Kales in the limit ε2 = 0 and εz = 
ε1, where the symmetry of the shape of the coefficients is broken. In effect Kales coefficients are: 
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The equations are mixed and this requires a further analysis to discuss the shape of solutions, fixing 
some arbitrariness that occurs. 
1.2.2 Solution of Maxwell equations 
The solution of the (1.2.14) coupled equations can be written as linear combination of two other 
functions ui: 
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and the substitution gives: 
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The choice of  in literature does not allow to recover the case of b = d = 0, because they diverge 
when 
ii qp ,
0, 22 →µε , so it is necessary to prefer a different solution, more general, which still satisfies 
the linear independence between ),,( zrEz ϑ and ),,( zrH z ϑ . Making use of the Dirac delta function, 
a brief analysis shows that non-divergent coefficients defined at every value of b and d are obtained 
by defining: 
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In cylindrical coordinates, equations (1.2.17) have the well-known solutions: 
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where Jl and Yl are the first and the second kind Bessel functions. This, in term of physical fields, 
means: 
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with the natural extension to a base (n=1....N) set of different γ ’s. 
There are here reported also the solutions for transverse fields. The simplified case of a material 
filling the center of the cylinder reduces every 0=YnliA  to avoid divergences in r = 0, gives, from 
Eq. (1.2.12): 
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in what concerns the radial component, where: 
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remembering definitions of k and h  by Eq. 1.2.11 and using Kronecker deltas. For the azimuthal 
components: 
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  (1.2.24) 
These solutions are the most general ones for the problem considered at first, under the condition that 
the material fills r=0; the extension for Y solutions is straightforward. 
 
1.2.3 Axial modes in gyroelectromagnetic waveguides 
Let’s consider a gyroelectromagnetic cylindrical guide separated by a coaxial reflecting waveguide 
by an isotropic medium. The continuity condition for the fields at the rim layer at r = R* between the 
internal and the external region is displayed in Figure 1.2.a. This constraint selects a discrete and 
finite [JAC62] number of allowed propagation constants that fulfill such a continuity. 
The following matrix is the source of the characteristic equation that gives the propagation constant 
at each frequency of the continuous spectrum and represents the continuity of Ez, Hz, Eθ and Hθ, 
between region 2 and 3. The hypothesis that the determinant of this matrix vanishes implies a 
degeneration of the system so the free constants appearing in fields are fixed except for a 
normalization that depends on the energy density. The fields in the region 3 are already written to 
take into account the external metallic wall 1. 
 
 
Figure 1.2.a. The waveguide considered has an internal gyroelectromagnetic material (3) and an 
external isotropic one (2). This system is contained in a reflecting metallic wall (1). 
 
The choice of these fields gives the system of boundary condition for each couple of fixed n and l: 
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where R is the radius of the reflecting coaxial guide and Anl1,2,3,4 are the coefficient to be determined 
to fulfill the boundary condition at the interface between the two concentric media. Anl1,2 refers to 
internal gyroelectromagnetic medium, Anl3,4 to the external isotropic one. 
The coefficient may be determined recalling that the solutions of the system are independent if the 
kernel of the associated matrix is not null. This means that the determinant of the matrix given by this 
system of equations vanishes (characteristic equation), namely: 
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In this case the solutions are linearly independent and the propagation constant satisfying this 
condition may be find numerically. 
This gives the determination of modes along a waveguide filled by gyrotropic materials. The 
application is this result is described in next paragraphs where the resonant frequencies have to be 
found starting from a linear combination of axial propagating modes. 
 
 
 
1.2.4 Propagation constant range 
Let’s consider a material without losses. In general, the fields of the waveguide core are expressed in 
terms of Bessel J functions. To have a non-lossy propagation their argument has to be real-valued, so 
that at least one between s1,2 has to be greater than zero [JAC62]. At the same time, γ  is required to 
be imaginary in order to have propagation along the z-axis. Since s1,2 are expressed by Eq. 1.2.18, this 
requirement can be fulfilled only for that values of γ2 such that: 
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remembering that a, b, c and d depend on γ. By considering that the propagation constant can only 
have either a real or an imaginary part, in order to have both the independent propagating solution the 
calculations lead to this condition: 
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The factor 11µε  has been extracted to evidence the extension of this analysis with respect on usual 
homogenous isotropic media analysis. The condition to be respected in order to have just one of the 
two solutions to be real is: 
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Figure 1.2.b shows the range where two, one, and zero independent propagating solutions are 
allowed at each γ propagation constant value for a toy material having the diagonal elements of ε and 
µ (i.e. ε1, εz, µ1,and µz) being 5/4 and the off-diagonal gyrotropic elements (ε2 and µ2) being 1/4 and 
ω = 1 Hz. Each function represents a part of s1,2 parameters: (a + c) is common to both of them and 
the two square root differ for the sign: the graph shows where the first is greater than the one or two 
of seconds, allowing two (I), one (II) or zero (III) axial propagating fields by varying the imaginary 
part of γ. Only in particular conditions the difference may vanish. 
 
 
Figure 1.2.b. Comparison between fixed part of s1,2 and the part under the square root, in a toy 
material having diagonal elements of ε and µ being 5/4 and gyrotropic elements being 1/4. Both 
the independent solutions associated to a propagating constant are permitted for Imγ  < 1 (I), 
only one for 1 < Imγ < 9/4 (II), none otherwise (III). Frequency is unit in the example (ω = 1 
Hz)..  
1.3 Complex variational method for determination of resonant 
frequencies* 
The aim of this paragraph is the determination of the explicit analytic shape of boundary 
electromagnetic condition at the transverse surface between two axial symmetry contiguous regions. 
It is supposed that discrete modes concurring to the field are known but relative weights are not 
already evaluated ♠. The conditions will have to predict and fix the correct set of weighting constants 
that satisfy the transverse boundary condition. Once this condition is available, a numerical analysis 
may be used for example to scan a frequency range in the complex plane to verify at which value the 
condition is fulfilled. 
Choosing two functionals - one for the electric, one for the magnetic field, usually gives the 
continuity condition for the fields. In this case the difficulty of the subject is due to the presence of 
the imaginary part. Natural candidates as functional are moduli of integrals of differences between 
                                                          
♠ This is the situation reached after the determination of the axial modes allowed by the study of the previous 
paragraph. 
 the fields in two contiguous layers. This technique is normally developed in a real analysis [WAN00, 
DER89]; the generalization improves theoretical results and applies directly to axial mode matching 
method that will be discussed in the following. 
The continuity condition on Er, Hr, Eϕ and Hϕ, fields and on Dz, Bz corresponds to the minimization of 
those functional. Notice that the discontinuity of the normal component of D and the one of 
transverse component of H at the surface are restored to continuity including the imaginary part in 
the permittivity and permeability tensors. Let’s suppose that fields are expressed in terms of linear 
combinations of fields whose coefficients Xiσ and Yiσ have to be determined: 
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Because of the field connection, the conditions have to be set on just two of them [WAN00] and the 
arbitrary choice is for Bz and Er. If α and β are two contiguous layers, the following functionals are 
defined and analyzed: 
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here R is the radius of the surface. The information that the functions appearing in the functionals 
ed on repeated index at different 
1.3.1 Determination of continuity conditions at a transverse surface 
Su  have to be 
 
w
are electromagnetic field is not relevant for what concerns the theoretical approach. This further 
information has to be used in a numerical implementation when it has to be done a choice of the field 
to fix conditions, or simply to set all the conditions to be satisfied. This leads to the determination of 
the explicit shape of the conditions that allows determining the unknown coefficients. So the analysis 
is focused on two generic sets of linear combinations of functions. 
The Einstein convection have been used where the sum is perform
height. 
 
ppose that the two functions (fields) appearing in Eq. (1.3.2) labeled by α and β
determined on both the sides of the interface between two different materials. This analysis applies 
for two generic linear combinations and will be applied for both the axial magnetic and the radial 
electric fields developed in axial propagating modes. The analysis is shown in this paragraph by 
using a notation that recalls the magnetic field. In the following they will be written in the most 
general form as sum of modes [BRA01]: 
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ecause of the linearity of integration, in the following it will be supposed that the product between B
functions is already integrated along r. This is an implicit definition of the M matrix. The modulus of 
the functional of Eq. (1.3.2) may be expressed by the expectation value of the matrix M on the vector 
x where: 
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and: 
  (1.3.4.ii) 
⎟⎟
⎟⎟
⎟⎟
⎟⎟
⎠
⎞
⎜⎜
⎜⎜
⎜⎜
⎜⎜
⎝
⎛
=
)(
1
)(
1
...
...
β
β
β
α
α
α
n
n
X
X
X
X
x
 
n(α) and n(β) are respectively the number of base elements of the fields in regions α and β. From this 
it follows immediately a consequence that is necessary for the further analysis, that is M is hermitian 
(M = M+). The demonstration is straightforward: the diagonal elements are real being the modulus of 
each function Bzσ, while the off diagonal elements are such that B*zσi Bzσj  = (B*zσj Bzσi)*. 
 
It can be now shown that the functional FB is minimum when it is satisfied the condition♣: 
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The variation with respect to the real and imaginary parts of  x has to be performed in order to 
calculate the minimum of the functional M on the vector x: 
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Separating x into its real and imaginary parts, one has: 
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The imposition concerns only the first order terms. This gives:  
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by using the hermiticity of M. This condition may be written in matricial form: 
                                                          
♣ This is a central point of this analysis. This equation lets possible the evaluation of the resonant frequency of 
a gyroelectromagnetic disk resonator, by the implementation of a numerical code to find when this condition is 
fulfilled. 
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and being the variation arbitrary it can eliminated from Eq. (1.3.8) and one has: 
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In other words this condition is satisfied only if: 
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In fact the system admits a solution only when it is degenerate and this is equivalent to the vanishing 
of the determinant of its matrix. The last equation is the condition to be fulfilled by the real and 
imaginary part of the matrix of integrals of each field mode. 
 
Notice that when the condition (1.3.9) is fulfilled, this system of the vector coefficients Xσi is 
degenerate and this allows to fix a set of non-vanishing values that define the linear combination. 
 
This fixes also the following statement: the matrix 
MM
MM
ReIm
ImRe −
owns an orthogonal base of 
eigenvectors. 
To demonstrate that this matrix owns such a base, it is sufficient to show that it is symmetric. This 
property is granted by the fact that M is hermitian. An hermitian matrix may be written as: 
 
 M = S + iA (1.3.10) 
 
where S is symmetric and A is antisymmetric. The assigned matrix has the real part of M placed 
along the diagonal, while the imaginary part appearing in the off-diagonal blocks is antisymmetric 
but the sign are opposite. So the matrix is symmetric and implies an orthogonal base. 
 
1.3.2 Determination of fields in a constrained half-space 
This section covers the case of the determination of coefficients of the linear combination of base 
functions in one region when a known function is already assigned in the other. The procedure 
requires the imposition of the minimization of functionals at the interface. Referring to the same 
notation as in previous section, if α is the region where the function is fixed: 
 
 
( ) ( )
[ ]xBxx βαα
ββββββααββαα
β
βα
β
βαβα
zzz
j
jziz
ij
jzzziz
i
zz
iizziizzzz
BBN
XBBXXBBBBXBB
XBBXBBBB
∗
∗∗∗∗∗∗
∗
−+=
=+−−=
=−−=−
Re2
2
 (1.3.11) 
 
where the definition of the matrix N appearing in Eq. (1.3.11) is: 
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The vectors Bzβ and x appearing in Eq. (1.3.11) are: 
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As in the M matrix, N is hermitian. The proof that N = N+ is the same than before. 
 
It is here demonstrated that the functional FB expressed as (1.3.11) is minimum if: 
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where indexes refer to the real and the imaginary parts. 
To calculate the minimum of the functional on vector x, it has to be calculated the variation with 
respect of real and imaginary part of  x: 
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These conditions may be written in matricial form: 
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Notice that, while the field in the region α is assumed to be known and the real and imaginary part of 
are scalars, is a vector and each component of modes appears; remembering that these 
products are integrated along the radial coordinate, one can always solve this linear system: 
αzB βzB
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and get out all the coefficient that express the correct linear combination of modes to have the 
continuity of functions at the interface between the two different regions.  
 
1.3.3 Application to the electromagnetic field 
For the purpose discussed in this study, each transverse surface requires the simultaneous 
minimization of both the functionals defined in (1.3.2) so that there is a double degenerate system to 
be satisfied: 
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where index B and E refers to magnetic and electric fields. Such a system should in principle be 
incompatible, but the numerical analysis confirmed that it is always doubly redundant and it reduces 
to a half of equations. There is a straightforward demonstration of this fact for a 4×4 matrix defined 
as by the Eq. (1.3.19). 
 
If S and A are respectively a symmetric and an antisymmetric 2×2 real matrices it can be 
demonstrated for the matrix T such that: 
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that, by imposing that its determinant vanishes, T is doubly degenerate. This can be done by 
calculating the diagonal form of the matrix by the Gauss algorithm and imposing the null value of the 
product of the diagonal elements. Actually the most general form for T is written as: 
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Gauss elimination preserves the rank of the matrix so the imposition of the null value for the 
determinant is valid for the Gauss-transformed matrix: 
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 Since neither a nor d can be null in the most general case, one of the other two diagonal elements 
must vanish, leading to the consequence that the remaining line also has to vanish in force of the Eq. 
(1.3.19); the conclusion is that only two conditions of four are independent. 
This suggests an analogue proof for any dimension n of the matrix, as obtained numerically. 
The last analytical and numerical results grant the reliability of the research of the coefficients 
weighting the modes concurring to the electromagnetic field. 
 
This analysis, applied to the electromagnetic field, completes the description of the imposition of 
boundary conditions in an axial-symmetry waveguides with a complex gyroelectromagnetic core. 
This makes possible to study the propagation aspects in presence of both losses and gyrotropy and, 
by a numerical axial mode matching method, to predict the behavior of resonant structures. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 2 Numerical Study of Gyroelectromagnetic 
Properties in Transmission Lines 
 
 
In this section some numerical evaluations are presented to demonstrate the reliability and the 
applications of the theoretical results obtained in the previous section. The first paragraph describes 
the choice of the numerical method adopted to study gyroelectromagnetic materials, namely the axial 
mode matching method; the second gives the results of the application on waveguides bounded by a 
metal wall; the third paragraph applies the results of the Paragraph 1.3 to simulate resonators and 
obtain resonant frequencies underscoring in particular the path in the complex domain and in 
presence of gyrotropy. Some simulations are compared successfully with experimental data. 
 
2.1 The application of the axial mode matching method to 
gyroelectromagnetic materials* 
 
The numerical analysis of cylindrical resonators is usually done for both the real and the complex 
media by rigorous analysis methods such as the radial mode matching, axial mode matching, finite 
elements and differences and method of lines, principally to determine the complex resonance 
frequency and the related field distribution [KAJ86]. Works have been also realized for rectangular 
complex waveguides and resonators [HAN99]. Some of the works concerning the axial symmetry 
objects focusses on the real whispering gallery dielectric resonators by studying its properties by the 
Rayleight-Ritz mode matching method [KRU94] or on the real stacked configurations by another 
mode matching method [PEN96]. A work on complex resonant frequency of dielectric resonators is 
based on an approximated field expressed by a truncated series of solutions in spherical coordinates 
[TSU83]. The complex valued radial mode matching has been studied for example by [WAN00]. 
For our purposes the transmission line is formed by a cylindrical waveguide, or by an axial resonator 
done with the material to be analyzed, considered as the transmission line itself. 
The numerical analysis developed consists in the realization of a computer program implementing 
the complex axial-mode matching method by using Fortran routines. This method has been chosen 
because of the coupling between equations involving Ez and Hz , that forbids the use of the radial 
method [KAJ86]. The resonator is divided into partial regions in which εr is independent of the axial 
coordinate (i.e. z). 
  
Figure 2.1.a The scheme of the implementation of the complex-valued axial mode matching. A 
first step consists in the automatic search of the propagation constants in the real valued case of 
a complex problem, by eliminating all the imaginary parts from diagonal elements of ε and µ and 
the real ones from gyrotropic off-diagonal elements; the second step consists in the iteration of a 
search of complex axial propagation constants by varying slightly the imaginary parts starting 
from zero. The research adopts the Newton-Raphson’s method. The values obtained are used as 
starting values to iterate the research of the complex resonant frequency, moving away from the 
real axis of the frequency plane or from its vicinity. 
 
It is noted that all partial regions so defined may be regarded as sections of dielectrically loaded or 
homogeneous cylindrical waveguides and unlike in the radial mode matching method, one has to deal 
with hybrid modes in all partial regions except for those which are homogeneous [KAJ86]. There is a 
remarkable difference from other works, consisting in the generalization to equations of any 
gyroelectromagnetic tensorial material, which couples in its most general case the equations of Ez and 
Hz, and have solutions given in the Paragraph 1.2.2 . 
A first description of the axial mode matching method is due to Hong and Jansen [HON82]. The 
procedure implementing the method in this work required essentially two steps: 
 
• To find the propagation constants γ in each longitudinal region by the imposition of Eq. 
1.2.30 treating it as an infinite waveguide. 
• To find the resonant frequency by imposing the continuity of fields at the transverse interface 
between two dielectrics as done by Eq. 1.3.9, minimizing some appropriate functionals. 
 
To implement this method, routines and recursive semiautomatic procedures have been realized by 
adopting numerical strategies. The key points of this numerical analysis are the following: 
 
• All the source codes support complex valued variables 
• Given a complex-valued (lossy) structure, the correspondent real-valued simpler case is 
considered and solved to provide starting values for the assigned problem  
• An automatic procedure based on the Newton-Raphson’s method tracks the path of the 
propagation constant in the complex plane (see Appendix C) 
• The path of the complex resonant frequency is followed by changing the imaginary part of 
the permittivity of the resonators starting from a null value to an assigned value 
 
 The Figure 2.1.a summarizes the whole procedure. Looking at the Figure 1.2.a, in this 
implementation the internal medium 3 is in general complex gyrotropic, disposed along the z-axis, 
the external 2 is complex uniaxial, along the z-axis. 
To compute observable quantities, one has to calculate the resonant frequency f0 and the intrinsic 
quality factor Q0 due to the dielectric loss: 
 
 ωωω ′′+′= i  (2.1.1) 
 
where functionals of continuity conditions are minimum and: 
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It is useful to recall that: 
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Axial symmetry systems have solutions with defined azimuthal index. In general this analysis is 
devoted to the search of a resonant frequency. In practice this phenomenon occurs at a single 
azimuthal number by time, with an extremely low probability that the effect sums two different 
modes.  
The automatic search of the resonant frequency has been implemented by following the same 
conceptual procedure stated for propagation constant, i.e. starting from a real valued frequency found 
for the real resonator case. 
 
2.2 Propagation in complex gyroelectric cylindrical media* 
The axial mode matching characteristic equation, giving the discrete set of propagation constants in a 
(complex) gyroelectromagnetic tensorial waveguide, are provided by Eq. 1.2.30. At each frequency 
there is a finite set of allowed propagation constants corresponding to the mode to develop it 
[JAC62]. The first step of the numerical determination of complex propagating constants consists in 
the determination of a starting set for the real valued case. This provides also a test to verify this 
method by comparing it with the results obtained by other real-valued codes that give the 
confirmation of the correctness of the routines. 
 
 (a) (b) (c) 
εint 1 10 10.89 9.85 
εint z 10 10.89 9.85 
εint2 0 0 0 
εext 1 1 1 
Rint(mm) 17.5 0.05 18.45 
Rext(mm) 17.5+7 0.05+0.128 18.45+7 
µ 1 1 1 
Table 2.2.I Three different situation have been chosen to display the migration of propagation 
constants. (a) refers to a typical resonating structure at 20-30GHz, (b) to a semiconductor pillar 
studied in at 1000 GHz, and (c) to a resonating structure starting from about 20GHz. Looking at 
the Figure 1.2.a, the ‘int’ index indicates the region 3 while ‘ext’  the region 2. 
 
2.2.1 Scanning of the propagation constant range 
The Figure 2.2.a shows the square modulus of the determinant of the Eq. 1.2.30 obtained by scanning 
the imaginary γ axis. In a propagation regime, the search is limited to this variety (the imaginary axis) 
recalling that there is a eγz factor in the field solutions. The real valued waveguide allows only purely 
 real or purely imaginary values. The only-imaginary values are those for which the propagation holds 
with no attenuation. For each propagating mode there is a counter propagating one with opposite sign 
so the scan is limited between zero and a maximum value as discussed in the Paragraph 1.2.4 . 
The Figure 2.2.a reports a general case, involving a real gyroelectric material in the core of the 
waveguide. As discussed, there are three possible kinds of regions, depending on the number of the 
independent imaginary solutions. The scan evidences a zero when γ assumes a null value, as 
expected, and two at each side for the values separating the region I, II and III defined in the 
Paragraph 1.2.4 and indicated in the Figure 1.2.b. The regions reduce to two if the material is not 
gyroelectromagnetic.  
 
Figure 2.2.a The square modulus of the determinant Eq. 1.2.30 versus the imaginary part of γ  in 
a gyrotropic condition. The confirmation of the reliability of the simulation comes from zeros of 
the determinant when the system of the conditions on the fields is known to be singular, as 
predicted in Paragraph 1.2.4 (restricting the attention of positive real axis, the values of γ”= 0, 
1007.586, 1745.189 limit region of kind I, II and III of the Figure 1.2.b; and the same for the 
opposite values). In other cases at each zero of the determinant it corresponds a solution of the 
discrete set of axial propagation constants. At each solution corresponds an opposite valued one. 
In this example values of |Imγ| above roughly 1500 are corrupted by a computational error due 
to low values of the determinant. 
 
The other zeros are due to physical propagating modes (focused in the examples of Figure 2.2.b). 
Notice that the number of the modes labeled by this wave number is always finite [JAC62]. 
 
2.2.2 Propagation constants versus some relevant parameters 
Starting from a complete set of propagation constants at a certain frequency, a characterization can be 
done by varying many parameters. To understand some behaviors this paragraph reports some 
interesting examples, in particular the behavior of the modes by varying the distance of the metal 
wall containing the guiding system (R of the Paragraph 1.2), the imaginary part of the permittivity of 
the guiding system and finally the frequency. 
 
 2.2.2.a Modes of a guide in function of the radius of the metal wall 
Moving the metal wall away from the core of the core/cladding guiding system, the behavior of the 
modes can be tracked. When the size of the space between the metal and the core becomes 
comparable to the wavelength, a no longer important reflection of radiation – due to the rim – occurs 
so the modes tends to a finite limit, so the modes stabilizes approximately on a set of fixed values.  
The essentials of some possible behaviors are shown by two application examples as a millimeter 
size dielectric resonator materials (a) at frequencies around tens of GHz and a GaAs semiconductor 
pillar  (b) at 1000 GHz frequency. For the examples considered the effect of the wall disappears 
when the wall moves away more than few millimeters. 
(a)  
(b)  
 
Figure 2.2.b The migration of the axial modes by moving the metallic wall, coaxial with the 
waveguide (a) of Table 2.2.I at 21.5 GHz and (b) at 1000 GHz by a distance R. The effect of the 
wall determine stabilization of the propagation constant when the wall moves away more than 
few millimeters. For each propagating mode there is the counter-propagating mode assuming the 
opposite value. The (b) case is reported on the linear scale to display also the case of metallic 
walls being the wall of the waveguide (R = 0); in this case the values have been obtained exactly 
with a different algorithm. The figure shows the good connection with other calculated values 
point.  
 
2.2.2.b Modes of a guide in function of the imaginary part of the cladding 
When one looks at the modes in an actual guiding system, they are in general located in the complex 
plane. As example it is here reported the migration of two modes allowed in the example (c). In that 
example the cladding is filled by air, so the complex permittivity may be written as (1,0). The 
external permittivity related to the cladding differs from the Table 2.2.I because the imaginary part 
moves away from the zero value toward the value 7.68. The case reported has been tracked at a 
 complex frequency, preparing the study of a resonator obtained by cutting the waveguide by two 
transverse planes; in fact the frequency it will be in general away with respect of the real axis. 
To calculate the modes a frequency has to be fixed; so it is interesting to choose a complex 
frequency. An interesting fact is that, in this example at ν = (24.15, -0.4), one of the modes crosses 
the real axis for a value between 5.12 and 7.68. In practice, at a complex frequency it could be a pure 
propagating (having only an imaginary part) mode. 
 
Figure 2.2.c This is the track of the two modes allowed in a waveguides as the example (c) in the 
complex plane. The migration is due to the change of the losses in the external material 2 of the 
Figure 1.2.a.. The values are obtained at (24.15, -0.4) GHz and the variation follows, from the 
right to the left, values between εext = (1, 0...7.68). Except the last point on the left, they have 
been calculated for the power of two multiplied by 0.1. 
 
2.2.2.c Modes of a guide in function of real frequency 
The Figure 2.2.d displays the migration of modes obtained by varying the imaginary part of the 
diagonal elements of the dielectric constant. 
 
Figure 2.2.d Example (a): Migration of modes increasing the imaginary part of εint 1 = εint z in the 
waveguide summarized in Table 2.2.I at some values of frequency around 21.5 GHz (Azimuthal 
periodicity number l = 17). Each mode corresponds to an opposite one. 
 2.2.2.d Modes of a guide in function of the gyroelectricity 
The Figure 2.2.e reports the migration of modes obtained by varying the gyrotropic properties. It 
refers to the test waveguide (a) fully described in the Table 2.2.I, by varying the gyroelectric element 
εint2 up to the value of the diagonal elements εint1,z. 
 
 
Figure 2.2.e Example (b): migration of modes increasing the imaginary part of εint2 in the 
waveguide summarized in Table 2.2.I (Azimuthal periodicity number l = 17).  The curve 
terminating in (10.89,10.89) is a non-physical zeros line (See section 1.2.4 ) 
 
It evidences the zeros curve corresponding to the one described by Eq. 1.2.32 that vanishes when the 
diagonal and the gyrotropic elements of the dielectric matrix are equal. This does not correspond to a 
propagating constant but depends on the degeneracy of the system that generate the characteristic 
equation. 
 
2.2.3 Other tests concerning the research of axial propagation modes 
Some other interesting data and considerations can be done about the numerical research of the axial 
modes, in particular about the precision and the explanation of a pole of the determinant found for 
every kind of resonator. 
2.2.3.a Error in a single propagation constant evaluation 
Once the approximated region of a solution is determined, both in the real and in the complex cases a 
precise value of the root is obtained by the Newton-Raphson’s method [PRE89]. The order of 
magnitude of the numerical error can be taken for example by the structure (a) of Table 2.2.I at ν = 
21.6 GHz, repeating the research of a particular value of γ, starting from different points; the standard 
deviation of the result can be so calculated. 
For example: 
 ( ))8(8262600.651),4(000001.06.21 =γ  
 
which measures, both for the real and the imaginary part, the precision of a single take. In particular 
this test refers to a real valued (no lossy) waveguide, so it is found compatibility between this value 
and the analytical zero expected for the real part of the propagation constant. 
 
2.2.3.b Analytical pole of the characteristic equation from numerical evidence 
It has to be noticed that the determinant numerically diverges, at every frequency, for every kind of 
real waveguide (look for example Fig. 2.2.a), when (in MKSA): 
  
 
c
πνγ 2=′′  (2.2.1) 
 
where c is the speed of light. This suggests that there is a pole that can be factorized in the analytical 
unknown expression for the determinant of the Ω matrix (see Paragraph 1.2.3 ): 
 
 ( ) ( cc knnn ωγωγ ,det Θ+=Ω ) (2.2.2) 
 
where k is lower than 0 and n has to be even because this holds both for positive and negative values 
of γ. This can be easily explained by the vanishing of the coefficient a and c of the equations 1.2.15, 
which radically change the problem reducing it to a simplified case; in the real case k = 2 [JAC62]. 
 
2.3 Resonant frequencies in complex gyroelectric resonators* 
Tests of the theoretical tools already discussed are here presented by an implementation of the 
procedures described at the beginning of this chapter. 
The resonant frequencies of a resonator are calculated by imposing the transverse boundary 
condition. The analysis implies a solid resonator as a core in a central layer with a cladding filled 
with air, between two semi-infinite homogeneous air-filled guides (Fig. 2.3.a)  
 
Figure 2.3.a The typical resonant structure section considered to test the theoretical analysis of 
this Section. The regions I represents the metal external wall, region II the whispering gallery 
resonator and the region III the air. 
 
A certain number of base functions must be determined in each of these guides. The test reported in 
Fig. 2.3.b shows that the stability is obtained with a relatively small number of base functions. This 
can be qualitatively explained recalling that base functions are Bessel J functions and their oscillatory 
character will match to the shape of the fields inside a whispering gallery resonator (Fig. 2.3.c).  
An important test relies in the comparison of the field functions in the resonator and outside of it at 
the common interface. The continuity is required at the surface and it is imposed by the system 
1.3.19. At the resonant frequency it gives the typical WG shape for the field inside the resonator and 
a good approximation by the Bessel function base by the determination of the set of weighting 
constants. The comparison of electric fields along the z-axis is exemplified again in Fig. 2.3.c. 
Two realistic resonators have been studied to analyze the behavior of the resonant frequency by 
varying the loss and the gyrotropic character in the resonator. This paragraph contains three sections: 
the first concerns the effect of losses in a resonator for the experimental evaluation of the diagonal of 
ε; the second the effect of losses in the cladding, to track further confirmations about the reliability of 
the numerical simulations; the third represents the application to the gyrotropic material for the study 
of the off-diagonal elements of ε.  
 
  
Figure 2.3.b Resonant frequency of a resonator obtained with 8 (lower set of points) or 12 (upper 
graph) base elements to develop the electromagnetic field in the homogeneous media (air) in the 
two semi-infinite guides bounding the resonator. The plot shows the zero of the determinant of 
the K matrix that sets the conditions on electric and magnetic fields. The effect is depressed 
logarithmically in the graph. 
 
 
 
Figure 2.3.c On the left: the electric field along the r axis: both the functions are obtained as sum 
of modes in the whispering gallery resonator (line) and in the air semi-infinite medium (dots). 
This result has been obtained respectively with 4 and 8 base elements. The 4 modes of the first 
were the only admitted, the 8 in the second are a truncated series of an infinite one. On the right: 
an actual curve sampled experimentally. The 0 along the radial coordinate corresponds to the 
external rim of the resonator [ANN02c]. 
 
 
 
 (a) (c) 
l 17 21 
h(mm) 4.0 4.9 
ν(GHz) 21.6 102 23.9 102
Table 2.3.II This table specifies the height, the azimuthal mode and the rough resonant frequency 
for two of the waveguides considered in the Table 2.2.I when a layer of such a guiding structures 
are extracted and put in an infinite air filled waveguide in a metal wall. For simplicity its 
dielectric permittivity has been set to unit. 
 
 
  
Figure 2.3.d Example (a): the determinant of K is calculated in a real range after the 
propagation mode constants have been determined. The result is a set of possible zeros giving the 
starting values when searching non-ideal cases where losses are considered. The effect of losses 
is due to the imaginary part of the diagonal dielectric tensor. The ideal line connecting these 
points is interrupted because of different runs of the simulation. This was necessary to take into 
account of increasing number of propagating modes along the z-axis when the frequency 
increases. 
 
Figure 2.3.e Example (c): the determinant of the K matrix in the complex plane. The zero moves 
away form the real axis by increasing the imaginary part of the dielectric tensor. This figure 
shows the behavior of the determinant nearby the zero by a grid of points (black circles), and the 
points calculated by the automatic research using the Newton-Raphson’s method (gray spheres). 
 2.3.1 Resonant frequency: the complex case 
The resonator (c) has been studied by varying the diagonal elements of the ε by the same imaginary 
c-number. The dielectric tensor in this simulation got the following shape: 
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A relevant proof of the reliability of this method consists in the test of the equation: 
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to find the values of the filling factor η. 
First, the resonant frequency has to be numerically determined for the real permittivity resonator to 
find the resonances along the real frequency axis. By calculating the value of the determinant of the 
K matrix, a set of resonant frequencies in the range considered can be found (Figure 2.3.d). Once the 
resonant frequency has been recognized in this set from the experimental value, the imaginary part of 
the dielectric tensor in the sense of Eq. (2.3.1) can be added so that the resonant frequency tracks a 
path in the complex domain. 
 
Figure 2.3.f Example (a): The migration path of the zero of the determinant in the complex 
frequency domain. The behavior fits quadratically versus the imaginary part. 
 
A change of the real and the imaginary part of the resonant frequency are summarized in Figures 
2.3.g,h and the path of the zero of the determinant fixing the resonant frequency in the complex 
domain is reported in Figure 2.3.f,i for two different resonators. The best fit for the real part of the 
resonant frequency in the range of a dielectric constant imaginary part corresponding to the 0 - 3.5% 
of the real one is a quadratic behavior; the imaginary part moves linearly in the same range. As 
expected the change of the real part is much smaller than the change of the imaginary part. Following 
the Ehrenfest-Bolztmann theorem [KLE93], in first approximation, the former has a second order 
variation, while the latter has a linear variation at the first order. 
The Table 2.3.I reports the comparison between the dielectric tensor ε used in the simulation and the 
resulting filling factor and merit factor of the resonator. The filling factor results near to unit and it is 
constant in the range examined (Figure 2.3.l). 
 
  
Figure 2.3.g Example (c): path of the real part of the resonant frequency by increasing the 
imaginary part of the element εint 1 = εint z  in the resonator summarized in Table 2.2.The fitting 
curve is a second order polynomial curve. 
 
Figure 2.3.h Example (c): path of the imaginary part of the resonant frequency by increasing the 
imaginary part of the element εint 1 = εint z  in the resonator summarized in Table 2.2. The obtained 
points are well fitted with a linear behavior. 
 
Figure 2.3.i Example (c): As for (a), the migration path of the zero of the determinant in the 
complex frequency domain fits quadratically versus the imaginary part in the range considered. 
  
Figure 2.3.l Example (c): The filling factor resulting from the simulation. In the two-order range 
considered for the Im ε1 it can be assumed to be constant. The precision increases when 
increasing Im ε1. 
 
′
1ε  ″1ε  ω′  ″ω  Q η 
9.85 0 23.9669(2) 0 - - 
9.85 0.01 23.96688(5) -0.01208(1) 992(5) 0.993(5) 
9.85 0.02 23.96686(5) -0.02417(6) 496(1) 0.993(2) 
9.85 0.04 23.96675(3) -0.0482(1) 248.5(7) 0.991(3) 
9.85 0.08 23.9662(3) -0.09656(9) 124.1(1) 0.9921(9) 
9.85 0.16 23.96460(5) -0.19320(2) 62.020(6) 0.9926(1) 
9.85 0.32 23.9572(6) -0.3857(4) 31.06(3) 0.991(1) 
Table 2.3.II This table reports the values of the diagonal complex dielectric tensor used in the 
simulation and the resulting zero of the determinant fixing the resonant frequency with the 
consequent merit factor and filling factor. 
 
The simulation reported in Table 2.3.II can be compared with the measurement of an alumina 
sample. The experimental resonant frequency suggesting these tests was one at 24.054 GHz, with a 
quality factor Qexp = 1900.  The only resonant frequency in the interval around this resonance that has 
been found at many azimuthal numbers is for l = 21. The simulation has been applied to a resonator 
having the same dimension measured on the sample (h = 4.90(5) mm, r = 18.45(5) mm); the diagonal 
element of ε has been set using a previously measured value. The simulation of the filling factor 
allows the application of the equation (2.3.2) so the measured imaginary part corresponds to: 
 
 00523.0=′′measε  
 
This result agrees with the standard values usually reported, for example by [FEN00]: 
 
 0054.0=′′alumε  
2.3.2 Resonant frequency: resonator with a lossy cladding 
There in an interesting application to the same structure analyzed in the previous section, that takes 
into account the losses of the external medium in correspondence of the layer with the resonator 
(labeled by 2 in the Figure 2.3.m). The test has been realized by considering the following simulated 
condition where the imaginary part of the dielectric constant of a medium is ( xext ,1= )ε  by varying 
x between 0 and 7.68. A quadratic and a linear behavior have been verified for values of x between 0 
 and 1 for the real and the imaginary part of the resonant frequency respectively. As expected, the 
variation of Reν is a second order shift with respect of Imν [ANN02, KLE93]. Above the value of a 
unit, a deviation from the order 2 and 1 polynomials respectively are detected. The total amount of 
the deviation in the complex plane is displayed in the Figure 2.3.o. 
 
 
 
Figure 2.3.m The scheme of the numbering of the layers of the typical resonating structure 
studied. Notice that the losses are introduced in the air-like material in the external part of the 
layer 2, moving away its dielectric constant from the real axis.  
 
Figure 2.3.n Example (c):The path of the real part of the resonant frequency by increasing the 
imaginary part of the element εext 1 = εext z  in the resonator summarized in the Table 2.2.I,II and 
displayed in the Figure 2.3.m. At the beginning, the fitting curve is a second order polynomial, 
but above a unit the actual values differ from this approximation and the quadratic migration is 
lowered. 
 
 
  
Figure 2.3.o Example (c): The path of the resonant frequency in the complex plane by moving the 
Im ε1 of the external part of the region 2 of the Figure 2.3.m. The initial quadratic behaviour 
changes by increasing the losses due to the cladding. 
 
Figure 2.3.p Example (c): the path of the imaginary part of the resonant frequency by increasing 
the imaginary part of the element εext 1 = εext z  in the resonator summarized in the Table 2.2.I,II. 
At low values of Im εext1,z, the fitting curve has a linear trend, but above a unit the actual values, 
as in the case of the real part, differ from that approximation. 
  
Figure 2.3.q Example (c): The filling factor resulting from the simulation. In the two-order range 
considered for Im ε1 it can be assumed to be constant. The precision increases increasing Im ε1. 
 
 
′
1ε  ″1ε  ω′  ″ω  Q η 
1 0 23.9669 0 - - 
1 0.04 23.9670(2) -0.00359 3300(750)  0.0075(17) 
1 0.08 23.96694(2) -0.00702 1707(10) 0.00732(4) 
1 0.16 23.96713(6) -0.01407 851(3) 0.00734(2) 
1 0.32 23.9675(2) -0.02822 424(6) 0.00736(11) 
1 0.64 23.9698(1) -0.05595 214.21(8) 0.007294(3) 
1 1.28 23.97836(8) -0.11084 108.17(1) 0.007222(2) 
1 2.56 24.0105(2) -0.21366 56.19(2) 0.006952(3) 
1 5.12 24.1146(3) -0.3783 31.87(3) 0.006128(5) 
1 7.68 24.23879(1) -0.48726 24.87(1) 0.005235(3) 
 
Table 2.3.III This table reports the values of the diagonal complex dielectric tensor used in the 
simulation for a lossy cladding and the resulting zero of the determinant fixing the resonant 
frequency with the consequent merit factor and filling factor. The losses push the field inside the 
dielectric resonator (for simplicity loss-less in this example) 
 
The Figures 2.3.n and 2.3.p show how the real and the imaginary part of the resonant frequency 
deviate from the initial behavior separately. It can be noticed in particular that the deviation from the 
linearity of the imaginary part of the resonant frequency is such that the effect decreases in strength 
moving far away from the real axis. Qualitatively the Q factor decreases slower because the filling 
factor decreases. 
The filling factor can be calculated easily since for the resonating system it holds: 
 
 i
regions
iQ δη tan1 ∑=−  (2.3.3) 
where: 
 
i
i
i ε
εδ ′
′′=tan  (2.3.4) 
 
Since the core is not responsible of losses being the imaginary part of its dielectric constant zero, it 
does not contribute. Consequently for the case considered it holds: 
 
  (2.3.5) extextQ δη tan1 =−
 There are two important considerations to be done: 
• The filling factor is expected to decrease by increasing the losses in the cladding, since the 
electric field is pushed out of that region. The numerical simulation, in the wide range 
considered for Im εext, confirms this consideration. 
• In the limit for 0Im →extε  the value of the filling factor tends to: ηext = 0.00732(1), in 
agreement with the other limit, given by the previous paragraph, where the core has, in the 
no-losses limit, a filling factor ηint = 0.9926(1). In fact the sum is a unit. 
This ends the set of confirmations of the consistency and the robustness of this theoretical method 
and numerical implementation. 
 
2.3.3 Resonant frequency: the gyrotropic case 
A resonant frequency value has been considered for the real case (a) and (c) of the Tables 2.2.I,II to 
test the algorithm in the gyrotropic case. 
 
Figure 2.3.r Example (a): migration of the resonant frequency by changing the value of εint 1 
= εint z in the resonator summarized in Table 2.2.I  along the real axis (No losses). 
 
Figure 2.3.s Example (a): migration of resonant frequency by increasing the gyrotropic element 
of permittivity tensor εint 2 in the resonator summarized in Table 2.2.I when εint 1  = 9.90. 
 
In this case the focus is to study of change of the resonant frequency by varying the gyrotropic (21 
and 12) elements of ε. This corresponds to the effect due to biasing magnetic field applied along the 
 axis of the resonator. By this characterization it could be obtained information on the transport by 
[SHE00]: 
 
 
( )
( )( ) ([ ) ]20020 00
2
2 * Heifmf
HeNe
c µνε
µε −−=  (2.3.6) 
 
This change of the resonant frequency was studied by varying the real part of the diagonal elements 
of dielectric tensor in the range 9.8-10 (Figure 2.3.r) and the gyrotropic elements (Figure 2.3.s when 
ε1 = ε z = 9.9 to compare the order of the two effects. 
To fit some experimental data one has to deal with two contemporary changes both for the diagonal 
and the non-diagonal elements of the dielectric tensor (1.2.0.c) but in first approximation (low 
applied magnetic field) the change depends essentially from the gyrotropic elements. 
The material characterized by constants of the example (c) in Table 2.2.II was finally studied for a 
high gyrotropy regime. It can be seen that the initial linearity of the resonant frequency versus the 
gyrotropic behaviors is lost and the trend is faster than linear (Figure 2.3.t). 
 
Figure 2.3.t Example (c): migration of resonant frequency by increasing the gyrotropic element 
of permittivity tensor εint 2 in the resonator summarized in Table 2.2.I when εint 1  = 9.85. In can 
be seen that this variation deviates from the linearity when the gyrotropy exceeds some percents 
of the diagonal elements. 
  
Conclusions 
 
 
This study has pointed out some results and conclusions.  
 
• The first relevant result concerns the theoretical resolution of the Maxwell equation for the 
most general gyroelectromagnetic axial systems. This allows calculating the axial 
propagation modes in an axial waveguide; this is a key point to express the set of modes 
inside a generic semiconductor resonator in a magnetic field. 
• The second relevant result is the analytical complex expression of the condition on the 
transverse surfaces separating a gyroelectromagnetic lossy resonator from an external region. 
This is based on a variational constraint due to the least squares functional condition. 
• This new theoretical approach was successfully tested by the implementation of a semi-
automatic software that determines the modes in an axial gyroelectromagnetic guiding line 
and gives the correct expected behaviors for what concerns the research of the resonant 
frequency. 
• The analytical approach pointed out let the study of the transport in bulk semiconductors be 
possible at frequencies in principle up to a THz by tracking the characteristics of 
semiconductor cylindrical resonators. In particular the implementation of the complex 
treatment allows the study of the losses due to the finite conductivity, quantified by the 
diagonal elements of the dielectric permittivity tensor ε., while the implementation of the 
gyrotropy allows the study of the off-diagonal gyrotropic elements of ε. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 APPENDIX A – Anisotropic Waveguide 
Modes and Fields 
 
This Appendix applies the results obtained in Paragraph 1.2.2  to recover the known description of 
the anisotropic waveguides [RAM63], using the same notation used in this work. 
 
Application to diagonal anisotropic materials in a cylindrical reflecting wall* 
The typical systems where this analysis applies are resonators placed in an air-like medium, or a 
lower dielectric constant medium in fibers. The Paragraph 1.2.2 solutions written for a diagonal 
anisotropic tensor material described by: 
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In this case the coefficients (1.2.16) become: 
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and the solutions are, if the medium is contained in a reflecting guide with radius r = R [KAL53]: 
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 (A.3) 
 
The constants Aijk appearing in these equations are coefficients to be determined by further boundary 
conditions. The calculation of the transverse fields in case of a2 = c2 = (k1)2 leads to: 
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 Another important configuration implies the guide filled with an unique material of the kind 
considered in this paragraph. Metal envelope selects a family of TE modes: 
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where xnl is the nth zero of the Bessel Jl function and R the radius of the metallic guide, while AYnl 
coefficients vanish to eliminate unphysical divergences; at each frequency it is than selected a set of 
propagation constants: 
 211
2
212 ωµεε
εγ −=
R
x n
z
 (A.6) 
 
By the same way from field Br it can be found a TM condition such that: 
 
 2112
2
12 ωµεµ
µγ −′=
R
xnl
z
 (A.7) 
 
where  is the nnlx′ th zero of the Bessel  function while the correspondent electric field has zero 
coefficients. 
lJ ′
 
 APPENDIX B –Complex Expression Linking 
the Mobility and the Dielectric Constant 
 
In this Appendix it is obtained the equation linking the mobility with the dielectric constant in the 
complex domain used in Paragraph 1.1, for homogeneous media. 
 
When expressed in absence of a magnetic field, the mobility tensor relates to the conductivity 
linearly by the expression of its diagonal elements: 
 
 ( ) ( )ωµωσ   ne  =  (B.1) 
 
By considering both the frequency and the mobility as complex valued, it holds: 
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For the purposes of this analysis it is sufficient to consider the real part of mobility, since under the 
condition that the imaginary part of the (angular) frequency is small with respect to the real part: 
 
 ωω ′<<′′  (B.3) 
 
the Eq. (D.2) reduces to: 
 
 ( ) ( ) ( ) ( )[ ] ( )22    4j    4-  ω
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ω
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⎜⎜⎝
⎛ ′′′−′′′′= nene  (B.4) 
 
without any hypothesis about the real and imaginary part of the mobility. This gives: 
 
 ( ) ( )2ω
ωωµπωε ′′=′′   ne 4  (B.5) 
 
for materials with low losses. 
 
 
 APPENDIX C –Application of the Newton-
Raphsons’s Method* 
 
The Newton-Raphson’s method is a common way to find minima of a function by starting from a 
point in its vicinity. In this Appendix are obtained the variations along the real and the imaginary axis 
to reach the minimum point in an automatic way by iteration. 
 
Derivation of the variations to be applied in an iterative procedure 
Following the scheme proposed by Numerical Recipes [PRE89] it is possible to apply to a generic 
complex function f of a two elements vector x as: 
 
 iIRfiff +=′′+′= )()()( xxx  (C.1) 
where: 
 IR ixx +=x  (C.2) 
 
This is a complex function of a complex variable. In the case considered the research is sensible 
because the minimum along the real direction is located in the same point of the minimum along the 
imaginary one. The imposition [PRE89] to determine the variation becomes: 
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This systems becomes: 
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These variations allow reaching by iteration points nearest to the extreme analyzed. This method is 
applied successfully for the automatic numerical research of modes and frequencies shown in the 
paragraphs 2.2 and 2.3. 
 
 
 
 
 
 References 
[ANN02] G. Annino, M. Cassettari; M. Fittipaldi, M. Martinelli, J. Magn. Reson., 157, 1-8 (2002) 
[ANN02b] G.Annino, personal communication, 2002 
[ANN02c] G.Annino, unpublished, 2002 
[ANN96] G.Annino, degree thesis,1996 
[ANN97] G.Annino, M.Cassettari, I.Longo, M.Martinelli, Chem. Phys. Lett., 281,306-311 (1997). 
[ANN97b] G.Annino, M.Cassettari, I.Longo, M.Martinelli, IEEE Trans. MW Theory.,45, 2025 
(1997) 
[BRA01] discussed with Prof. Luciano Bracci (Dipartimento di Fisica, Università di Pisa, Italy) 
(2001) 
[BUR96] I.Burneika et al.,Internat.Journ. of Infr. and Millim.Waves,17 ,1, 185 (1996) 
[CAI00] M.Cai, O.Painter, K.Vahala, Phys.Rev.Lett.,85, 1, 74 (2000) 
[COL91] R.E.Collin, Field Theory of Guided Waves, IEEE Press, NY (1991) 
[COT91] P.G.Cottis, IEEE Proceeding-J, 136, 6, 383 (1991) 
[DER89] K.Derzakowski, A.Abramowicz, The 1989 URSI Internat.Symp.on Electromagn. Theory, 
Stockolm, 1254 (1989) 
[FEN00] K. Fenske and D.Misra, Appl .Microwave and.Wireless,12, 10, 92-97 (2000) 
[HAN99] G.Hanson, A.Yakolev, Radio Science, 34,1349-1359 (1999) 
[HON82] U.S.Hong, R.H.Jansen, Electron.Lett, 18, 1000 (1982) 
[JAC62] J.D.Jackson, Classic Electrodynamics, Wiley (1962) 
[JIA85] X.H.Jiao, P.Guillon, J.Obregon, Electron.Lett, 21, 88 (1985) 
[JIA87] X.H.Jiao, P.Guillon, L.A.Bermudez, P.Auxemery, IEEE Trans. on Micr. Theory and Techn., 
35, 1169 (1987)  
[JIA89] X.H.Jiao, P.Guillon, P.Auxemery, IEEE Trans. on Micr. Theory and Techn., 37, 432 (1989) 
[KAJ86] D.Kajfez, P.Guillon, Dielectric Resonators, Ch. 5, Norwood,USA,Artech House (1986) 
[KAL53] Kales,J. of Applied Physics,24,604-608 (1953) 
[KLE93] O. Klein, S. Donovan, M Dressel and G. Gruner, Int.Jou. of Infrar. and Millim. Waves, 14, 
12, 2423 (1993) 
[KRU94] J. Krupka, D. Cros, M. Aubourg, P. Guillon, IEEE Trans. Microwave Th. and Tech., 42, 1, 
56 (1994) 
[LIU00] S.Liu, L.W.Li, T.S.Yeo, J. Electr. Wav. Appl., 14, 9,1247 (2000) 
[LON91] I. Longo, Meas. Sci. Technol., 2, 1169 (1991) 
[PEN96] H. Peng, IEEE Trans. Microwave Th. and Tech., 44, 6, 848 (1996) 
[PRE89] W.H.Press, B.P.Flannery, S.A.Teukolski, W.T.Vetterling, Numerical Recipes, Cambridge 
(1989) 
[RAM63] S.Ramo, J.R.Whinnery, T.Van Duzer, Fields and Waves in Communication Electronics, 
Wiley (1963) 
[RAY10] Lord Rayleigh, Phil.Mag., 20, 1001 (1910) 
[SIN00] K.S.Singh, P.C.Pandey, S.P.Ojha, Optik, 111, 5, 195 (2000) 
[SHE98] S.I.Sheik, A.A.P.Gibson, B.M.Dillon, IEEE Trans. Micr. Th. and Tech., 46, 1, 62 (1998) 
[SHE00] S.I.Sheik, Int. J. Appl. Electr. Mech:, 11, 117 (2000) – Notice that the equation in the paper 
is incorrect. 
[SLO96] R.Sloan, IEEE Trans. Micr. Th. and Tech., 44, 12, 2655 (1996) 
[TSU83] M.Tsuji, H.Shigesawa, Kei Takiyama, IEEE Trans.of Microwave Th. and Tech, MTT-31, 
5, 392 (1983) 
[WAL69] A.Waldron, Theory of Guided Electromagnetic Waves, London,UK: VanNostrand (1969) 
[WAN00] C.Wang,A.Zaki, IEEE Trans.of Microwave Th. and Tech.,48 (2000) 
[WEI69] L.V.Weinstein, Open Resonators and Open Waveguides, Boulder,Golem (1969) 
[ZAK85] K.A.Zaki,C.Chen, IEEE Trans. Micr. Th and Tech., MTT-33, 12, 1442 (1985) 
 
